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The purpose of this paper is to classify the class of Tits geometries of type C, in 
which any line is incident with precisely two planes. We show that any such 
geometry is either a building or a quotient of a building by a group of 
automorphisms of order 2. Our knowledge of buildings of this type enables us to 
list explicitly all possibilities. G 1987 Academic Press, Inc. 
1. STATEMENT OF RESULTS 
The purpose of this paper is to classify a certain class of Tits geometries, 
the class of Tits geometries of type C, in which any line is incident with 
exactly two planes (the nodes of the C3 diagram being labelled as in Fig. I 
below ). 
I prove the following: 
THEOREM. Suppose that S is a geometry of type C, in which any line is 
incident with precisely two planes. Then S is either a building or a quotient of 
a building by a group of automorphisms of order 2. 
My method is to examine the universal cover 9 of S. In 9 also any line is 
incident with precisely two planes; moreover, 3 is simply connected. The 
combination of these properties forces 9 to be a building. All buildings of 
this type are known; further we can see that such buildings admit no 
quotients by groups of order greater than 2. Thus we have a fairly explicit 
description for S. 
2. INTRODUCTION TO TITS GEOMETRIES 
I shall not give a detailed description of Tits geometries here, but only an 
outline, which is not intended to be entirely rigorous. More detailed 
accounts are widely available in the literature (see, for example [2, 6, 7-J). 
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Briefly, a Tits geometry, S, is a collection of objects, or varieties, of 
various different types, indexed by a (frequently finite) set d, whose size is 
called the rank of S. A symmetric and reflexive binary relation I relates 
objects of S, two distinct objects of the same type never being related. 
A set of pairwise incident varieties is called a flag. The type of a flag is 
the subset of A which indexes its elements; its rank is the size of this set. 
Maximal flags are required to be of size /Al. Further, every non-maximal 
flag is contained in at least two maximal flags. 
The set of varieties not in a flag F but incident with every variety in F 
forms a subgeometry of S known as the residue of F and written Res(F). 
The rank of Res(F) is defined to be the difference between the size of A and 
the rank of F. 
The incidence graph of the geometry (that is, the graph whose vertex set 
is the set of objects of S, two vertices being joined by an edge if related by 
I) is required to be connected. 
The structure of the geometry is defined by a diagram which consists of a 
set of nodes (indexed by A) joined by multiple or labelled edges. The con- 
struction of the diagram is inductive in the sense that subdiagrams spanned 
by subsets of A of size at least two describe residue geometries of rank at 
least two. (For further details, refer to [2, 6, or 71.) 
The classical examples of Tits geometries are Tits buildings, geometries 
often associated with groups of Lie type and described by Coxeter 
diagrams. Other geometries, described by diagrams of the same type, arise 
as quotients of buildings under the action of suitable groups of 
automorphisms (see [7] for details). Few geometries are known described 
by Coxeter diagrams which are not either buildings or quotients of such. In 
fact, a fundamental theorem of Tits (Theorem 1 in [7]) shows that any 
geometry described by a Coxeter diagram is a building or a quotient of a 
building precisely if the same is true of all its residues described by either of 
the Coxeter diagrams C, or H,. Hence our interest in this paper in 
geometries of type C3. 
3. COVERS OF TITS GEOMETRIES 
If S is a Tits geometry, a cover of S is a pair (3, 0), where S is a 
geometry described by the same diagram as S and 19 is a structure preserv- 
ing map, or morphism, from S to S whose restriction to the residue of any 
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nonempty flag is an isomorphism. We may also call the geometry S alone a 
cover of S. 
A cover (3, cp) is universal if for all other covers (S, 0) of S there exists a 
morphism ti from S to S such that up = $0. By Tits [7 (5.1 )], universal 
covers of Tits geometries of finite rank which are described by Coxeter 
diagrams always exist. We shall give the construction below. A geometry 
which is isomorphic to its own universal cover is called simply connected. 
Before describing Tits’ construction for universal covers, we need first to 
introduce some terminology. 
Suppose that S is a geometry described by a Coxeter diagram and 
indexed by the finite set A = { 1,2 ,..., n}. 
Where F and F” are maximal flags of S, we define a gallery G of length t 
from F to F to be a sequence F= F,, F, ,..., F, = F of maximal flags such 
that any two adjacent flags of the sequence agree in all varieties but one. 
We call F the origin and F’ the extremity of the gallery. The sequence 
. 
El, k?,..., i,, where the flags Fjj- I and Fj differ in a variety of type ii, is called 
the type of the gallery. If F= F we call G a closed gallery based at F. If 
t = 0, G is known as the trivial gallery at F. 
We define a relation - on the set of all galleries in S as follows. 
First, if G and G’ are two galleries with the same origin and the same 
extremity, and if all flags both of G and of G’ are in the residue of some 
variety of S, say that G - G’. More generally, any two galleries of the form 
Gi GG, and G, GIG,, where G i, G,, G and G’ are galleries and G - G’, are 
also defined to be related by -. 
We also define an equivalence relation z on the set of all galleries of S 
to be the equivalence relation generated by - (the transitive closure of ++ ). 
If G and G’ are related by x, we say that G and G’ are equivalent. 
We now define, as in Tits [7 (5.1)], a universal cover (3, (p) for S as 
follows. 
Choose F,, a maximal flag for S. Define the set of maximal flags of S 
which map under cp to the maximal flag F of S to be in correspondence 
with the equivalence classes of galleries from FO to 8’ under the relation z. 
Define two equivalence classes of galleries, [G] and [G’] to correspond to 
maximal flags of S with a common subflag of cotype j when G’ is 
equivalent to a gallery GF, where F is a flag which differs from the 
extremity of G by a variety of typej. 
S is now completely defined as a geometry. Up to isomorphism, S is uni- 
que as a universal cover, and independent of the choice of F,,. 
A group A of deck transformations permutes, for each flag F of S, the set 
of &gs of S that map to F under the covering morphism. S may be realized 
as a quotient geometry $/A (see [7]). From the fact that the covering 
morphism, fp, restricted to the residue of any nonempty flag of S is an 
isomorphism we can deduce that 
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(i) no non-trivial element of A may fix a variety of S 
(ii) any two distinct elements of 3 in the same orbit of A have dis- 
joint residues. 
(The reader who is puzzled here by the difference between the conditions 
here on A and the conditions on a similar group of automorphisms in Tits 
[7, Theorem 11 should recall that here we are concerned with universal 
covers of geometries whereas in [7, Theorem l] Tits is concerned with 
universal 2-covers. For rank 3 geometries the two concepts clearly coin- 
cide.) 
4. GEOMETRIES OF TYPE C, 
By a geometry of type C, I mean a geometry consisting of varieties of 
three different types (which we shall sometimes call points, lines and 
planes, but at other times, for the sale of notational brevity, varieties of 
types 1, 2, and 3) whose structure is determined by the Coxeter diagram 
C,. Throughout this paper the nodes of the C3 diagram are assumed 
labelled as in the appropriate diagram in Fig. 2. 
The diagram imposes on our geometry the following structure. 
From the stroke 0-0, we deduce that the set of points and lines 
incident with a plane P (that is, the residue of P) has the structure of a 
generalized projective plane. More specifically, any two points incident 
with P are incident with a unique common line also incident with P; any 
two lines incident with P are incident with a unique common point also 
incident with P. (The diagram does not, however, give any information on 
what happens outside the residue of P; thus two points in the residue of P 
may also be incident with a second line that is non-incident with P.) 
From the stroke u--ii, we deduce that the set of lines and planes incident 
with a point p (that is, the residue of p) has the structure of a generalized 
quadrangle. More specifically, two planes both incident with p are incident 
with at most one common line in the residue of p. Further, if x is a line and 
P a plane, both being incident with P but non-incident with each other, 
0 
points lines planes 
0 
1 2 3 
FIGURE 2 
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then there exist, in Res(p), a unique plane Q and a unique line y such that 
.xIQIyIP. 
From the absence of a stroke joining the two nodes 1 (points) and 3 
(planes) we deduce that any point and plane incident with a common line 
must themselves be incident. 
The buildings of type C, are the rank 3 polar spaces, characterized by 
the axioms of Buekenhout and Shult in [3]. No detailed knowledge of 
such geometries if necessary here; it suffices to know (by Tits [7, 
Proposition 91) that the buildings of type C3 are precisely those geometries 
of type C, in which no pair of points is incident with more than one eom- 
mon line. 
5. THE PROOF OF THE THEOREM 
THEOREM. Suppose that S is a geometry of type C, in which any line is 
incident with precisely two planes. Then S is either a building or a quotient of 
a building by a group of automorphisms of order 2. 
I prove the result by examining the structure of galleries within 
geometries satisfying the hypotheses of the theorem. 
First observe the following result, true for C, geometries in general. 
LEMMA 1. Suppose that S is a geometry of type C3. Then 
either S is a building 
or S contains a closed gallery of type 123123123. 
Proof. Recall that, as we observed in Section 4, a geometry S of type C3 
is a building precisely if any two points of S are incident with at most one 
common line. Thus in order to verify this result we need to show that the 
existence of two points of S incident with two common lines is equivalent 
to the existence of a closed gallery of type 123123123. 
So now suppose that p, q are two points of S, both incident with two 
lines x and W. Let B be a plane of S incident with w  (and hence with both p 
and q). Since the residue of B is a projective plane, B is certainly not 
incident with X. 
Now, since Res(q) is a generalized quadrangle, we can find a line y and a 
plane A in Res(q) such that xlAZylB. Similarly, in Res(p), we can find a 
line z and a plane C such that xICI.zIB. y and z, as two lines in the residue 
of the plane B, are incident with a common point r of Res(B). 
Now pxA qxA qyA qyB ryB rzB rzC pzC pxC pxA is a closed gallery of 
type 123123123. 
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On the other hand, suppose that S contains a closed gallery of type 
123123123, that is a gallery pxA qxA qyA qyB ryB rzB rzCpzCpxCpxA, 
where p, q, and r are points, x, y, and z are lines, and A, B, and C are 
planes. 
Since pzC is a flag, pIz; since rzB is a flag, zZB. Thus pIB. Now p and q, 
as two points in the projective plane which is the residue of B, must both 
be incident with a line w  in Res(B). 
w is distinct from x. For if w  = X, then wIA. In this case, w  and y are two 
(clearly distinct) lines in Res(q) both incident with A and with B. This, as 
we saw in Section 4, is forbidden by the diagram. 
Thus we have in S two lines, x and w, both incident with both p and q. 
The next result is restricted to geometries satisfying the hypotheses of 
our theorem. 
LEMMA 2. Suppose that S is a geometry of type C3 in which any line is 
incident with precisely two planes. Then if G and G’ are two equivalent 
galleries in S the number of 3s in the types of G and G’ is either even in both 
cases or odd in both cases. 
ProoJ: It is clearly sufficient to verify this result in the case where G and 
G’ are related by the more elementary relation -. In fact, we may as well 
assume that G and G’ are both galleries within the residue of some 
variety V. 
We proceed case by case. 
First, suppose that V is a point of S and that G and G’ are two galleries 
from the flag VxA to the flag VyB, where x, y are lines of S and A, B are 
planes of S. Since in S any line is incident with precisely two planes, Res( V) 
is forced to be a generalized quadrangle of “grid” type; as an example of 
such see Fig. 3, where vertices represent lines in Res( V) (points of the 
quadrangle) and edges planes in Res( V) (lines of the quadrangle). 
The planes of Res( V) fall into two parallel classes, two planes being 
incident with a common line in the residue precisely if they are in distinct 
classes. 
Thus we can see that a gallery from VxA to VyB contains an even or 
odd number of 3s in its type according as A or B are in the same or dif- 
ferent parallel classes of planes of Res( V). 
FIGURE 3 
c3 GEOMETRIES 179 
Next, suppose that V is a line of S, and that G, G’ are two galleries from 
pVA to qVB, where p, q are points of S and A, B are planes of S. Recall 
that there exist only two planes incident with V. A gallery from pVA to 
qVB contains an even or odd number of 3s in its type according as A = B 
or A # B. 
Finally, suppose that V is a plane of S. Clearly no gallery in Res(V) con- 
tains 3s in its type, so here there is nothing to prove. 
COROLLARY 3. A simply connectedgeometry af type C, in which any line 
is incident with precisely two planes contains no closed galleries of type 
123123123. 
Proof. Let S be such a geometry. Then S is simply connected, and 
hence isomorphic to its own universal cover. Thus if F is any flag of S there 
is a single equivalence class of closed galleries based at F, in particular, all 
such galleries are equivalent to the trivial gallery. But by Lemma 2 no 
closed gallery in S of type 123123123 can be equivalent to the trivial 
gallery. 
COROLLARY 4. Every simply connected geometry of type C, in which any 
line is incident with precisely two planes is a building. 
ProoJ This follows immediately from Corollary 3 and Lemma 1. 
We are now ready to prove our theorem. 
Proof of theorem. Let S be a geometry satisfying the hypotheses of the 
theorem and S its universal cover. Then, since the covering morphism from 
S to S is an isomorphism when restricted to residues, clearly S also satisfies 
the hypotheses of the theorem. Thus, by Corollary 4, !.$ is a building. 
Now S is a C, building in which any line is incident with precisely 2 
planes. In any such building, by Tits [IS, (7.12)], the planes fall into 2 
classes, any two distinct planes in the same class being incident with a 
(single) common point. 
As we remarked in Section 3, S may be viewed as a quotient of S by a 
group A of automorphisms of which any non-trivial element a fixes no 
variety of S and maps any variety to a variety from which it has disjoint 
residue. 
If A is trivial, then S is isomorphic to S and is itself a building. 
If A is non-trivial, then, since any two planes of S in the same class have 
a nonempty intersection of residues, any non-trivial element of A must 
swap the two classes of planes. From this we deduce that A contains a 
unique non-trivial element of order 2; thus A is a group of order 2. 
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6. A LIST OF THE GEOMETRIES OF THE THEOREM 
To finish we notice that in fact all C, buildings in which every line is 
incident with two planes are known. By Tits [S, 7.121 any such building 
arises via the Klein correspondence from a 3-dimensional projective space. 
Below we list all these and describe the possible quotients that may arise 
to give C, geometries of the same type. The buildings fall naturally into 4 
groups. 
(i) The examples with at least 3 points per line. Each of these arises 
as the configuration of singular subspaces (of dimensions 1, 2, and 3) of a 
quadratic form Q on a 6-dimensional vector space V(6, K), where 
Q((x~,~2,~3,~4,~5,~~))=~~~4+~2~5f~3~~. 
In the case where K is an ordered field the automorphism of the building 
induced by the map which takes any vector (x1, x2, xg, x4, x5, x6) to 
(x4, x5, x6, x1, x2, x3) induces a quotient of type C3. If K is not ordered 
this automorphism does not satisfy the conditions of Tits given in Section 3 
and so does not lead to a quotient. In the finite case we know by an easy 
extension of the main result of Cl] that no appropriate automorphisms 
exist. Thus we can deduce that any finite geometry of type C3 with 2 planes 
through each line and at least 3 points per line must be a building. 
(ii) A single example with 2 points on every line is given by the 
geometry of vertices, edges, and faces of the octahedron. The building 
admits a single quotient, by the antipodal map, with 3 points, 6 lines, and 4 
planes. 
There are two classes of examples which have two points on some lines 
and more on others, first given in [4]. 
(iii) Let Q be a generalized quadrangle of “grid”type, as illustrated in 
Fig. 3, with point set 9 and line set 9. We define a C, building S to have 
as points all the points in 9 together with two other points a and b, and to 
have as lines all the lines in 9 together with all pairs (p, a) and (p, b) 
where p is in 9. A line (p, a) is incident with the two points p and a, a line 
(p, b) with the points p and b. Otherwise point-line incidences are as in Q. 
The planes of S are defined as its maximal singular subspaces. 
Whenever Q has an even number of points on each line the building S 
admits a quotient via an automorphism that swaps a and b and permutes 
the points and lines of Q, no point of Q being collinear with its image. 
(iv) Let I7 be a projective plane, with point set 9 and line set 9, 
and let nl, with point set 8’= 9 and line set 9’= 9 be its dual. We 
define a C, building S to have as points all the points of 9 and of B’, and 
as lines all the lines of 9 and of 9’ together with all pairs (p, x) with p E B 
and x E 8’ = 9 such that in 17 p is on x. A line (p, x) of S is incident with 
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the points p and x of S. Otherwise pointline incidence follows that in 11 
and in 17’. Planes of S are maximal singular subspaces of S. 
S admits a quotient precisely when the projective plane II admits a 
polarity with no absolute points, since such a polarity induces an 
automorphism of S in which no point is collinear with its image. 
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